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Stealth spontaneous spinorization of relativistic stars
Masato Minamitsuji1
1Center for Astrophysics and Gravitation (CENTRA),
Instituto Superior Te´cnico, University of Lisbon, Lisbon 1049-001, Portugal.
We investigate the behavior of the Dirac spinor fields in general relativistic high density stellar
backgrounds and the possibility of spontaneous spinorization which is analogous to spontaneous
scalarization. We consider the model with the modified kinetic term of the Dirac field by the
insertion of the fifth gamma matrix γˆ5 and the conformal coupling of the Dirac spinor field to the
matter sector, which would lead to the tachyonic growth of the Dirac spinor field in the high density
compact stellar backgrounds. In order to obtain the static and spherically symmetric solutions,
we have to consider the two Dirac fields at the same time. We show that in the constant density
stellar backgrounds our model gives rise to the nontrivial solutions of the Dirac spinor fields with
any number of nodes, where one mode has one more node than the other. We also show that at
the leading order all the components of the effective energy-momentum tensor of the Dirac spinor
fields, after the summation over the two fields, vanish for any separable time-dependent ansatz of the
Dirac spinor fields in any static and spherically symmetric spacetime backgrounds, indicating that
spontaneous spinorization takes place as a stealth process in the static and spherically symmetric
spacetime with any number of nodes, which would be quenched by nonlinear effects and leave no
observable effects.
I. INTRODUCTION
Einstein’s general relativity has been tested by various experiments and observations on the scales from the Solar
System to binary pulsars [1], with the dawn of gravitational wave observations, and the frontier for testing genetal
relativity will expand to strong gravity regimes [2–4]. A potentially interesting phenomenon which could be tested in
strong gravity regimes is spontaneous scalarization which allows for large deviations from general relativity via the
tachyonic growth of the scalar field inside relativistic stars [5]. In scalar-tensor systems with the conformal coupling to
matter, a stellar solution in general relativity with the vanishing scalar field φ = 0 suffers from a tachyonic instability,
leading to a relativistic star solution with a nontrivial profile of the scalar field [6–13].
The idea of spontaneous scalarization may be extended to other field species such as vector and spinor fields. The
possibility of spontaneous vectorization triggered by the tachyonic instability of the vector field has been studied
recently in Refs. [14–19]. Refs. [16, 18] have studied the model with nonminimal couplings of the vector field to the
spacetime curvature, and constructed static and spherically symmetric relativistic star solutions with nontrivial vector
field profiles, which would be formed via the selected choice of the initial conditions rather via the instability of the
general relativistic solutions. On the other hand, the analyses from the Jordan frame viewpoint have been presented
in Refs. [14, 19], and showed that spontaneous vectorization could happen as in the same manner as spontaneous
scalarization via the vector conformal coupling to matter.
In this paper, we will explore the similar phenomena in the fermionic sectors, namely, spontaneous spinorization.
This possibility was discussed [20] at the first time. For clarification, we start with the theory of the standard massive
Dirac spinor field ψ in the Minkowski spacetime given by
S(ψ) =
∫
d4X
[
1
2
(
ψ¯γˆa∂aψ −
(
∂aψ¯
)
γˆaψ
)−mψ¯ψ] , (1)
where the indices a, b, c, · · · = 0, 1, 2, 3 run the four-dimensional Minkowski spacetime with the metric ηab,
dsˆ2 := ηabdX
adXb = −d(X0)2 + d(X1)2 + d(X2)2 + d(X3)2, (2)
∂a := ∂/∂X
a is the partial derivative with respect to the coordinate Xa, m is the constant mass parameter, the Dirac
gamma matrices in the Minkowski spacetime γˆa satisfy the anticommutation relations
{γˆa, γˆb} = 2ηabI4×4, (3)
with I4×4 being the 4 × 4 unit matrix, and ψ¯ := −iψ†γˆ0 is the Dirac adjoint of ψ. Varying the action (1) with
respect to ψ¯ yields the usual Dirac equation (γˆa∂a −m)ψ = 0. Assuming that the solution is given by the Fourier
form ψ =
∫
dpˆ u(pˆ)eipˆaX
a
, where pˆa = (−Eˆ, ~ˆp) denotes the four-momentum with Eˆ and ~ˆp being the energy and linear
momentum, respectively, each partial mode function u(p) satisfies (iγˆapˆa −m)u(p) = 0. Acting γˆa∂a +m from the
left side leads to 0 =
[− 12 {γˆa, γˆb} pˆapˆb −m2] u(pˆ) = [−ηabpˆapˆb −m2]u(pˆ) = [Eˆ2 − |~ˆp|2 −m2]u(pˆ), and hence we
obtain the standard dispersion relation Eˆ2 = |~ˆp|2 +m2.
2We then consider the theory of the Dirac spinor field in the four-dimensional Minkowski spacetime given by
S(ψ) =
∫
d4X
[
1
2
(
ψ¯γˆ5γˆa∂aψ − ∂aψ¯γˆ5γˆaψ
)−Mψ¯ψ] , (4)
where we have defined
γˆ5 := iγˆ0γˆ1γˆ2γˆ3,
{
γˆa, γˆ5
}
= 0, γˆ5 · γˆ5 = I4×4, (5)
and M is a constant. *1 Variation of Eq. (4) yields the modified Dirac equation(
γˆ5γˆa∂a −M
)
ψ = 0. (7)
Assuming the form of the solution ψ =
∫
dpˆ v(pˆ)eipˆaX
a
, each mode satisfies
(
iγˆapˆa −Mγˆ5
)
v(pˆ) = 0. Acting γˆa∂a −
Mγˆ5 from the left side results in 0 =
[−γˆaγˆbpˆapˆb + iM {γˆa, γˆ5} pˆa +M2] v(pˆ) = [− 12 {γˆa, γˆb} pˆapˆb +M2] v(pˆ) =[−ηabpˆapˆb +M2] v(pˆ) = [Eˆ2 − |~ˆp|2 +M2] v(pˆ), and hence the dispersion relation is modified as Eˆ2 = |~ˆp|2 −M2.
Thus, the modes of |~ˆp| < M suffer from the tachyonic instability. If the constant M is promoted to a position-
dependent function M(xµ), one may be able to make the modes tachyonic only locally, for instance, in the vicinity of
black holes and compact stars. This is the basic idea behind spontaneous spinorization [20].
We will consider the model with the conformal coupling of the Dirac spinor field to matter (see Eqs. (8)-(10)), and
study the behavior of the Dirac spinor field inside the high density compact stars. We will show that the modified
kinetic term by the insertion of γˆ5 (9) and the conformal coupling (10) would lead to the tachyonic growth of the Dirac
spinor field inside the high density compact stellar backgrounds, where the parameterM is replaced by the trace of the
energy-momentum tensor of the matter T (m)µµ. By the analysis in the constant density stellar backgrounds, we will
show that this coupling gives rise to the nontrivial profiles of the Dirac spinor field with any number of nodes. We will
also show that up to the quadratic order of the Dirac spinor fields and their adjoints all the components of the effective
energy-momentum tensor of the Dirac field vanish in any static and spherically symmetric stellar backgrounds. Thus,
even if the amplitude of the Dirac spinor field grows with time, it will not affect the spacetime geometry, indicating that
spontaneous spinorization happens as a stealth process. *2 We will dub this stealth spontaneous spinorization. Since
the vanishing effective energy-momentum tensor holds in any static and spherically background, stealth spontaneous
spinorization would happen for any equation of state of matter. The tachyonic growth of the Dirac spinor field may
be quenched by nonlinear effects, and would not affect the spacetime geometry around relativistic stars, and not leave
any observable consequences.
This paper is organized as follows: in Sec. II, we will introduce the model for spontaneous spinorization with the
coupling of the Dirac spinor field to the matter. In Sec. III, we will review the general properties of the Dirac spinor
field in the static and spherically symmetric spacetimes. In Sec. IV, we will analyze the Dirac spinor field s in the
constant density stellar backgrounds. In Sec. V, we will show that the effective energy-momentum tensor of the Dirac
fields vanish, and discuss the implications for spontaneous spinorization. The last Sec. VI will be devoted to giving
a brief summary and conclusion.
II. MODEL
We consider the theory composed of the metric tensor gµν and the Dirac spinor field ψ,
S =
∫
d4x
[√−g( R
2κ2
+ L(ψ)
)
+
√
−g˜L(m) [g˜µν ,Ψ]
]
, (8)
with the modified kinetic term
L(ψ) :=
1
2
[
ψ¯γˆ5γµDµψ −
(
Dµψ¯
)
γˆ5γµψ
]
, (9)
*1 The alternative theory which gives the same equation of motion for ψ is given by
S(ψ) =
∫
d4X
[
1
2
(
ψ¯γˆa∂aψ − ∂aψ¯γˆ
aψ
)
−Mψ¯γˆ5ψ
]
. (6)
As argued in Refs. [20, 21], however, the variation of Eq. (6) leads to the inconsistent equation for ψ¯ (see Appendix A).
*2 The term “stealth” has been used to describe the Schwarzschild/ Kerr black hole solutions in the scalar-tensor or vector-tensor theories
where the scalar or vector field with the nontrivial profile does not backreact on the spacetime geometry (see e.g., Refs. [22–25]). This
happens in the case that all the components of the effective energy-momentum tensor of the scalar or vector field automatically vanish
in the right-hand side of the gravitational equations of motion.
3where the induces µ, ν, · · · run the physical spacetime with the metric gµν , κ2 = 8πG/c4 with the gravitational
constant G and the speed of light c (we will set c = 1 unless necessary), R is the scalar curvature associated with
gµν , ψ¯ := −iψ†γˆ0 is the Dirac adjoint of ψ, γˆa denotes the Dirac gamma matrices satisfying the anticommutation
relations Eq. (3), γµ := eµa γˆ
a with eµa being the tetrad field satisfying gµνe
µ
ae
ν
b = ηab, Dµψ := ∂µψ + Γµψ and
Dµψ¯ := ∂µψ¯ − ψ¯Γµ denote the covariant derivatives with the spin connection Γµ := (1/8)
[
γˆa, γˆb
]
eνa∇µebν , g˜µν
represents the Jordan frame metric related to the Einstein frame metric gµν by
g˜µν = e
F (Φ)gµν , (10)
with Φ := ψ¯ψ, and Ψ is the matter field, respectively.
Varying the action (8) with respect to the metric gµν yields the gravitational equation of motion
Gµν = κ
2
(
T (ψ)µν + e
F T˜ (m)µν
)
, (11)
where we have defined the energy-momentum tensor for modified kinetic term (9)
T (ψ)µν := −
2√−g
δ
(√−gL(ψ))
δgµν
= −1
2
[
ψ¯eb(µγˆ
5γˆbDν)ψ −
(
D(µψ¯
)
γˆ5γˆbeb|ν)ψ
]
, (12)
and the energy-momentum tensor of the matter defined in the Jordan frame
T˜ (m)µν := −
2√−g˜
δ
(√−g˜L(m))
δg˜µν
. (13)
Here we employed δ
(√−g˜L(m)) /δgµν = (δg˜αβ/δgµν) (δ (√−g˜L(m)) /δg˜αβ) = − (e−F√−g˜/2)
× [− (2/√−g˜) δ (√−g˜L(m)) /δg˜µν] = − (eF√−g/2) T˜ (m)µν .
On the other hand, varying the action with respect to ψ¯ and multiplying γˆ5 from the left side yields the Dirac
equation (
γµDµ +
e2FFΦ
2
γˆ5T˜ (m)µµ
)
ψ = 0, (14)
where FΦ := ∂F/∂Φ.
We further assume that F (Φ) is the regular function of Φ which can be expanded as
F (Φ) := 1 + β1Φ+O(Φ2), (15)
where β1 denotes the dimensionful coupling constant. In the limit of the small amplitude, the leading contributions
to Eqs. (11) and (14) are given by
Gµν − κ2T (m)µν +O(ψ2) = 0, (16)(
γµDµ +
β1
2
γˆ5T (m)µµ
)
ψ +O(ψ3) = 0, (17)
respectively, where we have defined the matter energy-momentum tensor in the Einstein frame T
(m)
µν := − (2/√−g)
×δ (√−g˜L(m)) /δgµν , and O(ψ2) and O(ψ3) represent the quadratic and cubic order combinations of ψ and ψ¯ and
their first order derivatives, respectively. We note that at ψ = 0 the matter energy-momentum tensor in the Jordan
frame T˜
(m)
µν coincides with that in the Einstein frame T
(m)
µν . Thus, at the leading order Eq. (16) provides the metric
solution gµν in general relativity and Eq. (17) describes the propagation of ψ on top of the general relativistic
backgrounds. We also observe that in the linearized theory the term (β1/2)T
(m)µ
µ in Eq. (17) plays the same role as
the tachyonic mass term M in Eq. (7) only in the regions where |T (m)µµ| is large.
III. DIRAC SPINOR FIELDS IN STATIC AND SPHERICALLY SYMMETRIC SPACETIMES
A. Static and spherically symmetric spacetimes
We consider the static and spherically symmetric spacetime, where the Einstein frame metric is given by
ds2 := gµνdx
µdxν = −eνdt2 + eλdr2 + r2 (dθ2 + sin2 θ dφ2) , (18)
4where t, r, (θ, φ) are the temporal, radial, and spherical angular coordinates, respectively, ν(r) and λ(r) are the
functions of r. The nonzero components of the tetrad field are given by et0 = e
−ν/2, er1 = e
−λ/2, eθ2 = 1/r, and
eφ3 = 1/(r sin θ). We adopt the Weyl representation of the Dirac gamma matrices in the Minkowski spacetime
satisfying γˆ1 = iγ˜3, γˆ2 = iγ˜1, γˆ3 = iγ˜2, and γˆ0 = iγ˜0, with γ˜0 =
(
0 I2×2
I2×2 0
)
, γ˜1 =
(
0 σ1
−σ1 0
)
, γ˜2 =
(
0 σ2
−σ2 0
)
,
and γ˜3 =
(
0 σ3
−σ3 0
)
, where the Pauli matrices are given by σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. The
fifth gamma matrix γ5 in the curved spacetime is defined by γ5 := i
√−gγtγrγθγφ =
(−I2×2 0
0 I2×2
)
= γˆ5. The
components of the spin connection are given by Γt = −(e ν−λ2 /4)ν′γˆ0γˆ1, Γr = 0, Γθ = −(1/2)e−λ2 γˆ1γˆ2, and Γφ =
−(1/2)
(
γˆ2γˆ3 cos θ + γˆ1γˆ3e−
λ
2 sin θ
)
.
Before analyzing our theory, we briefly review the static and spherically symmetric configuration of the Dirac spinor
field ψ in the spacetime Eq. (18).
B. Massive Dirac spinor fields
First, we consider the massive Dirac spinor field theory given by
S(ψ) =
∫
d4x
√−gL(ψ) :=
∫
d4x
√−g
[
1
2
(
ψ¯γµDµψ −
(
Dµψ¯
)
γµψ
)−mψ¯ψ] , (19)
whose variation with respect to ψ¯ gives the Dirac equation
(γµDµ −m)ψ = 0. (20)
Using the properties γˆ0Γµ + (Γµ)
† γˆ0 = 0 and γˆ0γµ + (γµ)† γˆ0 = 0, the adjoint to the Dirac equation (20) is given by
ψ¯
[(←−
∂ µ − Γµ
)
γµ +m
]
= 0.
In order to obtain the spherically symmetric solutions, we have to take the following two Dirac spinor fields into
consideration at the same time [26]
ψ1 =
e−iωt+i
φ
2
reν/4


cos
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]
i sin
(
θ
2
)
[(1 − i)f(r) + (1 + i)g(r)]
−i cos ( θ2) [(1− i)f(r) + (1 + i)g(r)]
− sin ( θ2) [(1 + i)f(r) + (1− i)g(r)]

 , (21)
ψ2 =
e−iωt−i
φ
2
reν/4


i sin
(
θ
2
)
[(1 + i)f(r) + (1 − i)g(r)]
cos
(
θ
2
)
[(1 − i)f(r) + (1 + i)g(r)]
sin
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
i cos
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]

 . (22)
Substituting Eqs. (21) and (22) into Eq. (20), the complex radial mode functions f(r) and g(r) satisfy(
d
dr
+
e
λ
2
r
)
f(r) = −eλ2− ν2 (ω −me ν2 ) g(r),
(
d
dr
− e
λ
2
r
)
g(r) = e
λ
2
− ν
2
(
ω +me
ν
2
)
f(r). (23)
Introducing the new variables by
Re(f) =
1
2
(Q1 +Q2) , Re(g) =
1
2
(Q4 −Q3) , Im(f) = 1
2
(Q3 +Q4) , Im(g) =
1
2
(Q1 −Q2) , (24)
Eqs. (21) and (22) reduce to
ψ1 =
(1 + i)e−iωt+i
φ
2
reν/4


cos
(
θ
2
)
[Q1 + iQ3]
sin
(
θ
2
)
[Q2 + iQ4]
− cos ( θ2) [Q2 + iQ4]
− sin ( θ2) [Q1 + iQ3]

 , ψ2 = (1− i)e−iωt−i
φ
2
reν/4


− sin ( θ2) [Q1 + iQ3]
cos
(
θ
2
)
[Q2 + iQ4]
sin
(
θ
2
)
[Q2 + iQ4]
− cos ( θ2) [Q1 + iQ3]

 , (25)
5and from Eq. (23) we find that Q1-Q4 satisfy
dQ1
dr
+
e
λ
2
r
Q2 −meλ2 Q4 − e
λ−ν
2 Re(ω)Q3 − e
λ−ν
2 Im(ω)Q1 = 0,
dQ2
dr
+
e
λ
2
r
Q1 +me
λ
2 Q3 + e
λ−ν
2 Re(ω)Q4 + e
λ−ν
2 Im(ω)Q2 = 0,
dQ3
dr
+
e
λ
2
r
Q4 +me
λ
2 Q2 + e
λ−ν
2 Re(ω)Q1 − e
λ−ν
2 Im(ω)Q3 = 0,
dQ4
dr
+
e
λ
2
r
Q3 −meλ2 Q1 − e
λ−ν
2 Re(ω)Q2 + e
λ−ν
2 Im(ω)Q4 = 0. (26)
The energy-momentum tensor is given by the combination of the above two Dirac spinor fields
T (ψ)µν =
∑
I=1,2
T (ψI)µν := −
∑
I=1,2
2√−g
δ (
√−gLψI )
δgµν
= −1
2
∑
I=1,2
[
ψ¯Ieb(µγˆ
bDν)ψI −
(
D(µψ¯I
)
γˆbeb|ν)ψI
]−mgµν ∑
I=1,2
ψ¯IψI , (27)
where L(ψI) is given by Eq. (19) with the substitution of ψ and ψ¯ to ψI and ψ¯I (I = 1, 2). After the summation of
the two contributions, the energy density and pressure are given by
ρ(ψ)c
2 := −T (ψ)tt = e2Im(ω)t
[
4e−νRe(ω)
r2
(
Q21 +Q
2
2 +Q
2
3 +Q
2
4
)
+
8me−
ν
2
r2
(Q1Q2 +Q3Q4)
]
,
p(ψ),r := T
(ψ)r
r = e
2Im(ω)t
[
4e−
ν
2
−λ
2
r2
(Q3Q
′
1 −Q4Q′2 −Q1Q′3 +Q2Q′4)−
8me−
ν
2
r2
(Q1Q2 +Q3Q4)
]
,
p(ψ),θ := T
(ψ)θ
θ = e
2Im(ω)t
[
4e−
ν
2
r3
(Q2Q3 −Q1Q4)− 8me
− ν
2
r2
(Q1Q2 +Q3Q4)
]
,
p(ψ),φ := T
(ψ)φ
φ = p(ψ),θ, (28)
and all the off-diagonal components vanish, if
−eλ−ν2 Re(ω) (Q21 −Q22 +Q23 −Q24)−Q3Q′1 −Q4Q′2 +Q1Q′3 +Q2Q′4 = 0. (29)
We note that the energy-momentum tensor for each individual field T
(ψI)
µν is not diagonal and depends on θ as well
as r. In other words, the two fields (21) and (22) are necessary to be compatible with the spherical symmetry. The
static and spherically symmetric solutions can be obtained for Im(ω) = 0.
In the flat Minkowski spacetime with ν = λ = 0, one solution is obtained for ω = m with f(r) = C1/r and
g(r) = −2mC1 + rC2, where C1 and C2 are real integration constants. Thus, the solution behaves as an oscillatory
one ψ ∼ e−imt. The other solution is obtained for ω = −m with f(r) = 2mD1r2/3 +D2/r and g(r) = rD1, where
D1 and D2 are real integration constants, which also behave as an oscillatory one ψ ∼ eimt.
C. Tachyonic Dirac spinor fields
Second, we consider a tachyonic massive Dirac spinor field theory in the curved spacetime
S(ψ) =
∫
d4x
√−gL(ψ) =
∫
d4x
√−g
(
1
2
(
ψ¯γˆ5γµDµψ −
(
Dµψ¯
)
γˆ5γµψ
)−Mψ¯ψ) , (30)
whose variation with respect to ψ¯ gives the Dirac equation(
γµDµ −Mγˆ5
)
ψ = 0. (31)
Using the properties γˆ0Γµ + (Γµ)
†
γˆ0 = 0, γˆ0γˆ5 + γˆ5γˆ0 = 0, and γˆ0γµ + (γµ)
†
γˆ0 = 0, the adjoint to the Dirac
equation (31) is given by ψ¯
[(←−
∂ µ − Γµ
)
γµ −Mγˆ5
]
= 0, or equivalently by multiplying γˆ5 from the left side
ψ¯
[(←−
∂ µ − Γµ
)
γˆ5γµ +M
]
= 0.
6Similarly to the case (19), to obtain the spherically symmetric solutions, we have to consider the following two
Dirac fields [26]:
ψ1 =
e−iωt+i
φ
2
reν/4


cos
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]
i sin
(
θ
2
)
[(1 − i)f(r) + (1 + i)g(r)]
cos
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
−i sin ( θ2) [(1 + i)f(r) + (1− i)g(r)]

 , (32)
ψ2 =
e−iωt−i
φ
2
reν/4


i sin
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]
cos
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
i sin
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
− cos ( θ2) [(1 + i)f(r) + (1− i)g(r)]

 . (33)
Compared to Eqs. (21) and (22), the third and fourth components are different by the multiplication of the factor
(−i). Substituting Eqs. (32) and (33) into Eq. (31), we find that the complex radial mode functions f(r) and g(r)
satisfy (
d
dr
+
e
λ
2
r
)
f(r) = −eλ2− ν2 (ω − iMe ν2 ) g(r),
(
d
dr
− e
λ
2
r
)
g(r) = e
λ
2
− ν
2
(
ω + iMe
ν
2
)
f(r). (34)
Introducing the new variables Q1-Q4 as Eq. (24), the two fields (32) and (33) reduce to
ψ1 =
(1 + i)e−iωt+i
φ
2
reν/4


cos
(
θ
2
)
[Q1 + iQ3]
sin
(
θ
2
)
[Q2 + iQ4]
cos
(
θ
2
)
[−iQ2 +Q4]
sin
(
θ
2
)
[−iQ1 +Q3]

 , ψ2 = (1 − i)e−iωt−i
φ
2
reν/4


− sin ( θ2) [Q1 + iQ3]
cos
(
θ
2
)
[Q2 + iQ4]
− sin ( θ2) [−iQ2 +Q4]
cos
(
θ
2
)
[−iQ1 +Q3]

 , (35)
and from Eq. (34) we find that Q1-Q4 satisfy
dQ1
dr
+
e
λ
2
r
(1−Mr)Q2 − e
λ−ν
2 Re(ω)Q3 − e
λ−ν
2 Im(ω)Q1 = 0,
dQ2
dr
+
e
λ
2
r
(1 +Mr)Q1 + e
λ−ν
2 Re(ω)Q4 + e
λ−ν
2 Im(ω)Q2 = 0,
dQ3
dr
+
e
λ
2
r
(1−Mr)Q4 + e
λ−ν
2 Re(ω)Q1 − e
λ−ν
2 Im(ω)Q3 = 0,
dQ4
dr
+
e
λ
2
r
(1 +Mr)Q3 − e
λ−ν
2 Re(ω)Q2 + e
λ−ν
2 Im(ω)Q4 = 0. (36)
Similarly, the energy-momentum tensor is given by the summation of the contributions of the above two fields
T (ψ)µν =
∑
I=1,2
T (ψI)µν = −
1
2
∑
I=1,2
[
ψ¯I γˆ
5eb(µγˆ
bDν)ψI −
(
D(µψ¯I
)
γˆ5γˆbeb|ν)ψI
]−Mgµν ∑
I=1,2
ψ¯IψI . (37)
The contribution from each individual Dirac field is, respectively, given by
ρ(ψ1)c
2 = e2Im(ω)t
[
2e−νRe(ω)
r2
cos θ
(
Q21 −Q22 +Q23 −Q24
)− 4Me−ν2
r2
(Q2Q3 −Q1Q4) cos θ
]
,
p(ψ1),r = e
2Im(ω)t
[
2e−
λ+ν
2
r2
cos θ (Q3Q
′
1 +Q4Q
′
2 −Q1Q′3 −Q2Q′4) +
4Me−
ν
2
r2
(Q2Q3 −Q1Q4) cos θ
]
,
p(ψ1),θ = p(ψ1),φ = 0, (38)
and ρ(ψ2) = −ρ(ψ1), p(ψ2),r = −p(ψ1),r, p(ψ2),θ = p(ψ2),φ = 0. We note that each of T (ψI)µν (I = 1, 2) is not diagonal
and the diagonal components depend on θ as well as r. However, after their summation, we confirm that all the
off-diagonal components vanish and the diagonal components become
ρ(ψ)c
2 = p(ψ),r = p(ψ),θ = p(ψ),φ = 0. (39)
Thus, the tachyonic Dirac spinor field possesses the vanishing energy-momentum tensor in the entire spacetime. We
note that this property of the vanishing energy-momentum tensor holds for any complex number of ω, and even for
7the case that the time-dependent factor e−iωt in Eqs. (32) and (33) is replaced by any complex function of time
h(t). We also note that since ρ(ψ2) = −ρ(ψ1) as shown below Eq. (38), one of the two Dirac fields has the positive
energy density, while the other has the negative one. However, the negative energy density of one field does not imply
any pathology, as only the combination of the two Dirac fields has the physical meaning to maintain the static and
spherically symmetric spacetime. In the model (8) with Eq. (9), where the constant parameter M is promoted to a
position-dependent function M(r), the argument here holds at the quadratic order of ψ and ψ¯.
In the Minkowski spacetime ν = λ = 0, one solution is obtained for ω = iM with f(r) = C1/r and g(r) =
−2iMC1 + rC2, where C1 and C2 are complex integration constants, which behaves as an exponentially growing one
ψ ∼ eMt. The other solution is obtained for ω = −iM with f(r) = 2iMD1r2/3 +D2/r and g(r) = rD1, where D1
and D2 are complex integration constants, which also behave as the decaying solution with time ψ ∼ e−Mt.
IV. DIRAC SPINOR FIELDS IN THE CONSTANT DENSITY STELLAR BACKGROUNDS
A. The constant density star solution in general relativity
We then consider a star composed of an incompressible fluid, ρ˜ = ρ0 = const in general relativity. The interior
metric and pressure (r < R) are then given by
eλ(r) =
(
1− 2GM0r
2
c2R3
)−1
, eν(r) = c2
[
3
2
(
1− 2GM0
c2R
)1/2
− 1
2
(
1− 2GM0r
2
c2R3
)1/2]2
,
p˜(r) = ρ0c
2
(
1− 2GM0r2c2R3
)1/2
− (1− 2GM0c2R )1/2
3
(
1− 2GM0c2R
)1/2 − (1− 2GM0r2c2R3 )1/2
, (40)
where at the surface of the star r = R, p˜(R) = 0 and M0 and C are the total mass and compactness, M0 := 4πR3ρ0/3
and C := GM0/(c2R), respectively. On the other hand, the spacetime exterior to the constant density star (r > R)
is given by the Schwarzschild metric
eλ(r) = e−ν(r)c2 =
(
1− 2GM0
c2r
)−1
. (41)
For the coupling function (15), the Dirac equation (17) inside the star reduces to
(
γµDµ +
β1
2
γˆ5
(−ρ0c2 + 3p˜(r))
)
ψ +O(ψ3) = 0, (42)
while outside the star γµDµψ + O(ψ3) = 0. Since the energy density has a discontinuity from ρ0c2 to 0 across the
surface of the star from the inside to the outside, the second term in Eq. (42) has a discontinuity across it, and
consequently the first order derivative ∂rψ should also have a discontinuity. We note that such a sudden discontinuity
of ∂rψ is somewhat an artifact of the idealization of the background solutions, and since in realistic relativistic stellar
backgrounds the matter energy density would quickly but smoothly go to zero, the discontinuity of ∂rψ would also
be smoothened.
The simplest solution to Eq. (42) is the trivial solution ψ = 0, which corresponds to the general relativistic solution.
As in the case of spontaneous scalarization, in the mechanism of spontaneous spinorization the tachyonic instability
of the trivial solution ψ = 0 should lead to the nontrivial profile of the Dirac field ψ = ψ(xµ). In the next section,
we will discuss the configuration of the nontrivial solutions which are expected to be the end point of the tachyonic
instability.
8B. The interior solution of the Dirac spinor fields
As in Sec. IVB following Ref. [26], we have to take the two Dirac spinors into consideration
ψ1 = ψ1,in =
e−iωt+i
φ
2
reν/4


cos
(
θ
2
)
[(1 + i)fin(r) + (1− i)gin(r)]
i sin
(
θ
2
)
[(1− i)fin(r) + (1 + i)gin(r)]
cos
(
θ
2
)
[(1− i)fin(r) + (1 + i)gin(r)]
−i sin ( θ2) [(1 + i)fin(r) + (1− i)gin(r)]

 , (43)
ψ2 = ψ2,in =
e−iωt−i
φ
2
reν/4


i sin
(
θ
2
)
[(1 + i)fin(r) + (1− i)gin(r)]
cos
(
θ
2
)
[(1− i)fin(r) + (1 + i)gin(r)]
i sin
(
θ
2
)
[(1 − i)fin(r) + (1 + i)gin(r)]
− cos ( θ2) [(1 + i)fin(r) + (1 − i)gin(r)]

 , (44)
where ω is the real frequency. Substituting Eqs. (43) and (44) into Eq. (42), we find the radial mode functions satisfy
dQ1,in
dr
+
e
λ
2
2r
(
2 + β1rT
(m)µ
µ
)
Q2,in − e
λ−ν
2 ωQ3,in = 0,
dQ2,in
dr
+
e
λ
2
2r
(
2− β1rT (m)µµ
)
Q1,in + e
λ−ν
2 ωQ4,in = 0,
dQ3,in
dr
+
e
λ
2
2r
(
2 + β1rT
(m)µ
µ
)
Q4,in + e
λ−ν
2 ωQ1,in = 0,
dQ4,in
dr
+
e
λ
2
2r
(
2− β1rT (m)µµ
)
Q3,in − e
λ−ν
2 ωQ2,in = 0,(45)
where
Re(fin) =
1
2
(Q1,in +Q2,in) , Re(gin) =
1
2
(Q4,in −Q3,in) ,
Im(fin) =
1
2
(Q3,in +Q4,in) , Im(gin) =
1
2
(Q1,in −Q2,in) . (46)
In the vicinity of the center of the star, r = 0, the interior solutions satisfying the regularity boundary conditions are
given by
Q1,in = C1,inr +O(r2), Q2,in = −C1,inr +O(r2), Q3,in = C3,inr +O(r2), Q4,in = −C3,inr +O(r2), (47)
where C1,in and C3,in are constants, which represent the two physically independent modes in the static and spherically
symmetric spacetime.
We note that if Qk,in(r) (k = 1, 2, 3, 4) is a solution, then c
′Qk,in(r) with constant c′ is also a solution. For ω = 0,
according to the structure of Eq. (45), once the coupled equations for Q1,in and Q2,in can be solved under the
regularity boundary conditions at the center of the star, those for Q3,in and Q4,in can also be automatically solved
under the same boundary conditions with the following properties Q3,in/Q1,in = Q4,in/Q2,in. Due to the properties of
the external solutions (see Sec. IVC), for the numerical analysis we have to focus on ω = 0, and hence the subsystem
of Q1,in and Q2,in.
C. The exterior solution of the Dirac spinor fields
The two fields inside the star (43) and (44) can be matched to those outside the star, ψ1,out and ψ2,out, given by
(43) with the replacement of the subscripts “in” with “out.” The radial mode functions Q1,out, Q2,out, Q3,out, and
Q4,out, given by Eq. (46) with in → out, obey
dQ1,out
dr
+
e
λ
2
r
Q2,out − e
λ−ν
2 ωQ3,out = 0,
dQ2,out
dr
+
e
λ
2
r
Q1,out + e
λ−ν
2 ωQ4,out = 0,
dQ3,out
dr
+
e
λ
2
r
Q4,out + e
λ−ν
2 ωQ1,out = 0,
dQ4,out
dr
+
e
λ
2
r
Q3,out − e
λ−ν
2 ωQ2,out = 0. (48)
For ω 6= 0, we have numerically confirmed that in the Minkowski spacetime the solutions are oscillatory in the entire
spacetime. Even under the presence of the star we expect the similar oscillatory behaviors toward the spatial infinity.
Thus, it is hard to imagine that such oscillatory solutions arise from the tachyonic instability of the trivial solution
ψ = 0, and only the solution obeying the boundary conditions ψ → 0 toward r →∞ is the trivial solution Q1,out = 0,
Q2,out = 0, Q3,out = 0, and Q4,out = 0. In the rest, to obtain the localized solutions, we exclude the case of ω 6= 0.
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Q1,out = exp
[
−2arccosh
(
c
√
r√
2GM0
)](
−C1,outexp
[
4arccosh
(
c
√
r√
2GM0
)]
− C2,out
)
,
Q2,out = exp
[
−2arccosh
(
c
√
r√
2GM0
)](
C1,outexp
[
4arccosh
(
c
√
r√
2GM0
)]
− C2,out
)
,
Q3,out = exp
[
−2arccosh
(
c
√
r√
2GM0
)](
−C3,outexp
[
4arccosh
(
c
√
r√
2GM0
)]
− C4,out
)
,
Q4,out = exp
[
−2arccosh
(
c
√
r√
2GM0
)](
C3,outexp
[
4arccosh
(
c
√
r√
2GM0
)]
− C4,out
)
, (49)
where C1,out, C2,out, C3,out, and C4,out are integration constants, whose asymptotic structure at the spatial infinity is
then given by
Q1,out = −2c
2C1,out
GM0
r + 2C1,out +
(C1,out − C2,out)GM0
2c2r
+O
(
1
r2
)
,
Q2,out =
2c2C1,out
GM0
r − 2C1,out − (C1,out + C2,out)GM0
2c2r
+O
(
1
r2
)
,
Q3,out = −2c
2C3,out
GM0
r + 2C3,out +
(C3,out − C4,out)GM0
2c2r
+O
(
1
r2
)
,
Q4,out =
2c2C3,out
GM0
r − 2C3,out − (C3,out + C4,out)GM0
2c2r
+O
(
1
r2
)
. (50)
The boundary conditions ψ1,out → 0 and ψ2,out → 0 as r →∞ impose C1,out = C3,out = 0, and then the solutions of
Qk,out (k = 1, 2, 3, 4) reduce to
ψ1,out = −
(C2,out + iC4,out) e
iφ
2 exp
[
−2arccosh
(
c
√
r√
2GM0
)]
reν/4


cos
(
θ
2
)
(1 + i)
sin
(
θ
2
)
(1 + i)
cos
(
θ
2
)
(1− i)
sin
(
θ
2
)
(1 − i)

 , (51)
ψ2,out = −
(C2,out + iC4,out) e
−iφ
2 exp
[
−2arccosh
(
c
√
r√
2GM0
)]
reν/4


− sin ( θ2) (1− i)
cos
(
θ
2
)
(1− i)
sin
(
θ
2
)
(1 + i)
− cos ( θ2) (1 + i)

 . (52)
The interior and exterior solutions, Eqs. (43) and (44) (with ω = 0) and Eqs. (51) and (52), respectively, are matched
at the surface of the star r = R, which gives the relations
C2,out = −Q1,in(R)exp
(
2arccosh
(
c
√R√
2GM0
))
= −Q2,in(R)exp
(
2arccosh
(
c
√R√
2GM0
))
,
C4,out = −Q3,in(R)exp
(
2arccosh
(
c
√R√
2GM0
))
= −Q4,in(R)exp
(
2arccosh
(
c
√R√
2GM0
))
, (53)
which lead to the conditions at the surface of the star r = R Q1,in(R) = Q2,in(R), and Q3,in(R) = Q4,in(R). The
problem is now to find the coupling constant β1 that satisfies these conditions, and then C2,out and C4,out can be
evaluated via Eq. (53). The full solutions Qk(r) (k = 1, 2, 3, 4) in the entire spacetime can be constructed as
Qk(r) =
{
Qk,in(r) (0 < r < R)
Qk,out(r) (r > R) , (54)
with the above matching conditions.
D. Numerical solutions
We then investigate numerical solutions satisfying the conditionsQ1,in(R) = Q2,in(R) and Q3,in(R) = Q4,in(R). For
this purpose, we introduce the dimensionless quantities β¯1 := c
4β1/(8πGR) and x := r/R, where x = 1 corresponds
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to the surface of the star. In Fig. 1, Q1 and Q2 are shown as the functions of x for C = 0.1. The top-left, top-right,
bottom-left, and bottom-right panels correspond to the 0-, 1-, 2-, and 3-node solutions of Q2 which are obtained for
β¯1 = 11.32, 22.95, 34.50, 46.04, respectively. The red and blue dashed curves correspond to Q1 and Q2, respectively.
The black points correspond to the surface of the star at x = 1. As β¯1 increases, the solutions with more nodes are
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FIG. 1. Q1 and Q2 are shown as the functions of x for C = 0.1. The top-left, top-right, bottom-left, and bottom-right panels
correspond to the 0-node, 1-node, 2-node, and 3-node solutions of Q2 obtained for β¯1 = 11.32, 22.95, 34.50, 46.04, respectively.
The red and blue dashed curves correspond to Q1 and Q2, respectively. The black points correspond to the surface of the star
at x = 1. Q1 always has one more node than Q2.
obtained. We note that Q1 always has one more node than Q2. As expected, the first order derivatives Q
′
1(x) and
Q′2(x) are discontinuous at the surface of the star x = 1 for any number of nodes. We note that since the equations
are linear, if Q1 and Q2 are solutions, c
′Q1 and c′Q2 with c′ being constant are also the solutions, and the solutions
for Q3 and Q4 can be obtained by the relations Q3/Q1 = Q4/Q2, respectively.
We expect that the above lowest 0-node solution arises as the consequence of the tachyonic instability of the
trivial solution ψ = 0. When we consider the small perturbations about the trivial solution ψ = 0, the zero frequency
eigenstate of the perturbations cannot be the ground state for β¯1 ≥ 11.32 and the end point of the tachyonic instability
would be the nontrivial solutions constructed in this section.
E. Coupling to the pressure
The problem of the discontinuity of the first order derivatives may be solved, for instance, if we consider the coupling
only to the pressure (
γµDµ +
3β2
2
γˆ5p˜(r)
)
ψ = 0, (55)
where β2 is the coupling constant. Since the pressure p˜(r) vanishes at the surface of the star r = R, the first order
derivative of ψ with respect to r as well as ψ itself is continuous there. Introducing the dimensionless quantity
β¯2 := c
4β2/(8πGR), in Fig. 2, we show an example of Q1 and Q2 as the functions of x = r/R for C = 0.1. The
top-left, top-right, bottom-left, and bottom-right panels correspond to the 0-, 1-, 2-, and 3-node solutions of Q1
obtained for β¯2 = 89.05, 168.82, 249.66, 330.88, respectively. The red and blue dashed curves correspond to Q1 and
Q2, respectively. The black points correspond to the surface of the star. Q2 always has one more node than Q1. We
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FIG. 2. Q1 and Q2 are shown as the functions of x = r/R for C = 0.1. The top-left, top-right, bottom-left, and bottom-right
panels correspond to the 0-, 1-, 2-, and 3-node solutions of Q1 obtained for β¯2 = 89.05, 168.82, 249.66, 330.88, respectively. The
red and blue dashed curves correspond to Q1 and Q2, respectively. The black points correspond to the surface of the star. Q2
always has one more node than Q1.
note that as in the previous case the solution for Q3 and Q4 can be obtained with the relation Q3/Q1 = Q4/Q2,
respectively.
We confirmed that the solutions for the Dirac spinor field and their first order derivatives for any number of nodes are
continuous across the surface of the star x = 1, i.e., r = R. Thus, any component of the effective energy-momentum
tensor is continuous across the surface of the star, even if it takes a nonzero value. However, since Eq. (55) is not
derived from the variation of the action and is more specific to the observer who is at rest at the spatial infinity, the
above argument seems to depend on the choice of the coordinates. Further studies on the possible improved couplings
would be left for future work.
V. STEALTH SPONTANEOUS SPINORIZATION
One might imagine that the discontinuity of the first order derivative of Q1, Q2, Q3, and Q4 at the surface of
the star x = 1, r = R would result in the discontinuity in the effective energy density and pressure of the Dirac
spinor field. If it is the case, there should be the localized source of the Dirac spinor field at the surface of the
star, whose existence seems to be unphysical. We again emphasize that the discontinuity is somewhat an artifact of
the idealization of the background solutions, and since in realistic relativistic stellar backgrounds the matter energy
density would quickly but smoothly go to zero, the discontinuity of ∂rψ would also be smoothened. In addition, in
this section, we argue that even in the original model the existence of the discontinuity does not matter, as all the
components of the effective energy-momentum tensor of the Dirac field trivially vanish in any spherically symmetric
backgrounds.
We now define the effective energy-momentum tensor for the Dirac field from Eqs. (11) and (15), which up to the
quadratic order of ψ and ψ¯ is given by
T (ψ,eff)µν := −
1
2
∑
I=1,2
[
ψ¯I γˆ
5eb(µγˆ
bDν)ψI −
(
D(µψ¯I
)
γˆ5γˆbeb|ν)ψI
]
+ β1T
(m)
µν
∑
I=1,2
ψ¯IψI +O(ψ4), (56)
where O(ψ4) denotes all the quartic order combinations of ψI , ψ¯I and their first order derivatives. Following the
arguments in Sec. III B, it is straightforward to confirm that for any two Dirac spinor fields that maintain the
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spherical symmetry of the spacetime
ψ1 =
h(t)ei
φ
2
reν/4


cos
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]
i sin
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
cos
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
−i sin ( θ2) [(1 + i)f(r) + (1− i)g(r)]

 , (57)
and
ψ2 =
h(t)e−i
φ
2
reν/4


i sin
(
θ
2
)
[(1 + i)f(r) + (1− i)g(r)]
cos
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
i sin
(
θ
2
)
[(1− i)f(r) + (1 + i)g(r)]
− cos ( θ2) [(1 + i)f(r) + (1− i)g(r)]

 , (58)
where h(t) is any complex function of time t, all the components of T
(ψ,eff)
µν vanish both inside and outside the star at
least at O(ψ2). The limits to the surface of the star from the inside (r →R−0) and that from the outside (r →R+0)
converge to the unique value 0. Thus, all components of the effective energy-momentum tensor for the Dirac spinor
vanish in the entire spacetime at least at O(ψ2). This indicates that the tachyonic growth of the Dirac spinor field
does not backreact on the spacetime geometry, and the metric solution remains the same as in general relativity. The
tachyonic growth would be quenched by the nonlinear effects in the effective Dirac field equation (17) as in the case
of spontaneous scalarization [27, 28]. As argued in Sec. III C, since ρ(ψ2) = −ρ(ψ1), one of the two Dirac fields has
the positive energy density, while the other has the negative one. However, the negative energy density of one field
does not imply any pathology, as only the combination of the two Dirac fields has the physical meaning to maintain
the static and spherically symmetric spacetime. Since Φ =
∑
I ψ¯IψI = 0, F = 1 in Eq. (15) and hence there is no
distinction between the Jordan and Einstein frames. After all, we expect that spontaneous spinorization proceeds as
a stealth process and does not leave any observable effects. Thus, we call this stealth spinorization.
Since the property of the vanishing effective energy-momentum tensor holds in any static and spherically symmetric
spacetime, we conclude that the above stealth spinorization will happen in any static and spherically symmetric
general relativistic stellar backgrounds with more realistic equations of state. As the next step, it is of interest
whether the conclusion remains the same in less symmetric general relativistic stellar backgrounds, such as stationary
and axisymmetric spacetimes around rotating stars. Moreover, since our model introduced in Sec. II corresponds to
the simplest model for spontaneous spinorization, it is also of interest to explore more general models [20].
VI. CONCLUSIONS
We have investigated the possibility of the tachyonic growth of the Dirac spinor field ψ on general relativistic stellar
backgrounds and spontaneous spinorization of compact objects, which is analogous to spontaneous scalarization
studied in many previous works. We have focused on the theory (8) and (9), which is composed of the modified
kinetic term by the insertion of the fifth gamma matrix γˆ5 and the conformal coupling of the Dirac spinor field to
matter and would lead to the tachyonic growth of the Dirac spinor field only in the high density backgrounds. At the
linearized level, the Dirac equation (7) is very similar to the tachyonic Dirac spinor field theory (4), where the mass
parameter M is replaced by the trace of the matter energy-momentum tensor T (m)µµ.
As in the case of spontaneous scalarization, we naively expect that the tachyonic growth of the Dirac spinor field
would significantly modify the structure of relativistic stars from general relativistic ones. In order to obtain the
spherically symmetric solutions, we have to consider the two Dirac fields at the same time such as Eqs. (43) and (44).
We have confirmed that at the linearized equation for ψ our theory gives rise to the nontrivial profiles of the Dirac
spinor field with any number of nodes and the vanishing field values at the spatial infinity. However, we have also
confirmed that all the components of the effective energy-momentum tensor of the Dirac spinor fields vanish up to
the quadratic order of ψ and ψ¯ in the entire spacetime including the surface of the star, when the contributions of
both the two Dirac spinor fields are taken into consideration. Thus, we have expected that spontaneous spinorization
proceeds as a stealth process unlike spontaneous scalarization, and hence does not leave any observable effects.
The status of the study of spontaneous spinorization is still immature, and several issues should be clarified in
future work. Although we have focused on the static and spherically symmetric stars, it would be important to clarify
whether this stealth property holds in less symmetric backgrounds such as rotating and binary stars. It would also
be necessary to follow the time evolution from general relativistic stellar solutions to those with nontrivial profile of
the Dirac spinor fields. Another direction of the study is to generalize the model considered in this paper and explore
novel features of spontaneous spinorization. We hope to come back to these issues in our future work.
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Appendix A: Consistent action for the Dirac spinor field in the flat and curved spacetimes
1. In the Minkowski spacetime
In this appendix, we review the consistency of the equation of motion for the Dirac adjoint ψ¯ in the tachyonic Dirac
field theory. Varying the actions (4) and (6) with respect to ψ¯ and ψ, we obtain the following equations, respectively:
(
γˆ5γˆa∂a −M
)
ψ = 0, ψ¯
(←−
∂ aγˆ
5γˆa +M
)
= 0, (A1)
and
(
γˆ5γˆa∂a −M
)
ψ = 0, ψ¯
(←−
∂ aγˆ
aγˆ5 +M
)
= 0. (A2)
Since {γˆ5, γˆa} = 0, we obtain the different results in the equations for ψ¯, and see which one is consistent. Taking the
conjugate transpose of the equation for ψ,
0 = ψ†
(←−
∂ a (γˆ
a)† γˆ5 −M
)
= ψ†
(
−←−∂ aγˆ5 (γˆa)† −M
)
= ψ†
(
−←−∂ 0γˆ5
(
γˆ0
)† −←−∂ iγˆ5 (γˆi)† −M) = ψ† (−←−∂ 0γˆ0γˆ5 +←−∂ iγˆiγˆ5 −M) , (A3)
where the index i = 1, 2, 3 represent the spatial directions and we have employed (γˆ5)† = γˆ5, γˆ5(γˆ0)†− γˆ0γˆ5 = 0, and
γˆ5(γˆi)† + γˆiγˆ5 = 0. Multiplying −iγˆ0 from the right side,
0 = −iψ†
(
−←−∂ 0γˆ0γˆ5 +←−∂ iγˆiγˆ5 −M
)
γˆ0 = −iψ†
(
−←−∂ 0γˆ0γˆ5 +←−∂ iγˆiγˆ5
)
γˆ0 −Mψ¯
= −iψ†
(←−
∂ 0γˆ
0γˆ0γˆ5 +
←−
∂ iγˆ
0γˆiγˆ5
)
−Mψ¯ = ψ¯
(←−
∂ 0γˆ
0γˆ5 +
←−
∂ iγˆ
iγˆ5
)
−Mψ¯
= ψ¯
(←−
∂ aγˆ
aγˆ5 −M
)
= −ψ¯
(←−
∂ aγˆ
5γˆa +M
)
, (A4)
which reproduces the equation for ψ¯ in Eq. (A1). Thus, the action (4) provides the consistent equation of motion for
ψ¯ [20, 21].
2. In the curved spacetimes
The extension to the case of the curved spacetime is also straightforward. Varying the action of the tachyonic Dirac
field (30) in the curved spacetime with respect to ψ¯ and ψ, respectively we obtain the following equations:
(
γˆ5γµ (∂µ + Γµ)−M
)
ψ = 0, ψ¯
((←−
∂ µ − Γµ
)
γˆ5γµ +M
)
= 0. (A5)
Taking the conjugate transpose to the equation for ψ,
0 = ψ†
((←−
∂ µ + (Γµ)
†
)
(γµ)
†
γˆ5 −M
)
= ψ†
((←−
∂ t + (Γt)
†
) (
γt
)†
γˆ5 +
(←−
∂ k + (Γk)
†
) (
γk
)†
γˆ5 −M
)
= ψ†
(
−
(←−
∂ t + (Γt)
†
)
γtγˆ5 +
(←−
∂ k + (Γk)
†
)
γkγˆ5 −M
)
, (A6)
14
where k denotes the spatial indices and we have employed the relations of the gamma matrices (γˆ5)† = γˆ5, γt+(γt)† =
0, and γk − (γk)† = 0. Multiplying −iγˆ0 from the right side,
0 = −iψ†
(
−
(←−
∂ t + (Γt)
†
)
γtγˆ5 +
(←−
∂ k + (Γk)
†
)
γkγˆ5 −M
)
γˆ0
= −iψ†
((←−
∂ t + (Γt)
†
)
γˆ0γtγˆ5 +
(←−
∂ k + (Γk)
†
)
γˆ0γkγˆ5 −Mγˆ0
)
= ψ¯
((←−
∂ t − Γt
)
γtγˆ5 +
(←−
∂ k − Γk
)
γkγˆ5 −M
)
= ψ¯
((←−
∂ µ − Γµ
)
γµγˆ5 −M
)
= −ψ¯
((←−
∂ µ − Γµ
)
γˆ5γµ +M
)
, (A7)
where we have used γˆ0Γµ + (Γµ)
†
γˆ0 = 0, which reproduces the equation for ψ¯ in Eq. (A5). Thus, the action (30)
provides the consistent equation of motion for ψ¯.
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